Wave-vector resolved radio frequency (rf) spectroscopy data for an ultracold trapped Fermi gas are reported for several couplings at Tc, and extensively analyzed in terms of a pairing-fluctuation theory. We map the evolution of a strongly interacting Fermi gas from the pseudogap phase into a fully gapped molecular Bose gas as a function of the interaction strength, which is marked by a rapid disappearance of a remnant Fermi surface in the single-particle dispersion. We also show that our theory of a pseudogap phase is consistent with a recent experimental observation as well as with Quantum Monte Carlo data of thermodynamic quantities of a unitary Fermi gas above Tc.
While the existence of a high-temperature superfluid phase in the BCS-BEC crossover of a strongly interacting Fermi gas is experimentally well established, important questions remain as to the nature of the gas above the superfluid transition temperature T c . In particular, the question of whether or not a pseudogap state exists and how to identify it is of importance [1] . This is a question that may have relevance to the controversy surrounding the pseudogap state in the high-T c cuprates. While the origin of this state in the cuprates is a hotly debated topic, with atomic Fermi gases we can answer the simpler question of whether or not strong interactions and pairing fluctuations alone can lead to a pseudogap phase. This, in turn, tells us whether using such an approach to explain the pseudogap phase in the cuprates is a viable option or if other mechanisms are required.
As a function of increasingly strong attractive interactions, a Fermi gas exhibits a smooth crossover (called the BCS-BEC crossover), from a weakly attractive Fermi gas with a superfluid transition explained by conventional BCS theory, to a Fermi gas where interparticle attractions are so strong that the fermion pairs form molecules and the gas is well described as a molecular Bose gas with a Bose-Einstein condensation transition. In the BCS limit the phenomena of Cooper pairing and superfluidity occur simultaneously at the phase transition, while in the BEC limit pairing and Bose condensation are decoupled with pairing of fermionic atoms into molecules occurring well above the condensation temperature. The pseudogap phase refers to the normal state of a strongly interacting Fermi gas in the center of this crossover, where it is proposed that pairs exist above the superfluid transition in analogy with the normal state of the gas in the BEC limit. However, unlike the pairs in the BEC limit, the pairs in the pseudogap state have many-body character with the underlying Fermi statistics playing a crucial role, in analogy with the Cooper pairs of the BCS limit. A key prediction of theories of the pseudogap phase is that there should be a smooth evolution from the manybody pairs in the center of the crossover to the molecular pairs in the BEC limit [1, 2] and accordingly, in order to verify the existence of a pseudogap phase, it is critical to examine the evolution of the spectral function from the center of the crossover to the molecular limit [3] .
Based on two recent experiments, conflicting conclusions have been reached about the existence of a pseudogap state in the strongly interacting Fermi gas. On the one hand, thermodynamic measurements [4] have been interpreted as well described by Fermi liquid theory, without the need for a pseudogap state. On the other hand, momentum-resolved rf spectroscopy [5] , which measures the single-particle spectral function, has been interpreted as evidence for a pseudogap state above T c .
In this work, we present a theoretical investigation of the pseudogap regime based on the t-matrix pairingfluctuation approach of Ref. [3] , addressing both the single-particle spectral function and the thermodynamics of the gas, as a function of interaction strength in the BCS-BEC crossover. We find that, in the pseudogap regime, the single-particle dispersion back-bends at a wave vector k L near the Fermi wave vector k F , indicating the existence of a remnant Fermi surface in this strongly interacting gas and the importance of Fermi statistics to the pairing. As interactions are increased towards the BEC limit, k L disappears rapidly when entering the regime of molecular pairing. This picture is supported by a comparison of our theoretical results, where we include the effects of the trapping potential, with new experimental data using momentum resolved rf spectroscopy to probe the gas for different interaction strengths. In addition, we show that the theory also reproduces the observed linear behavior in the thermodynamics.
By the experimental technique introduced in Ref. [6] , excitations of the trapped gas produced by an rf pulse are analyzed by time-of-flight imaging to determine the wave vector of the excited atoms once the trap has been switched off. The new data are presented with an improved signal-to-noise ratio at the critical temperature T c , which is accurately determined as the temperature where the condensate fraction disappears. We concentrate in the coupling range 0.0
0, because the evolution of interest from the pseudogap state to the molecular Bose gas occurs on the positive side of the resonance. Here, a F is the scattering length associated with the Fano-Feshbach resonance and k F is given
, whereh is Planck constant, m the atom mass, N the total number of atoms, and ω 0 the average trap frequency (we seth = 1).
Ultracold Fermi gases are peculiar systems, in that their interparticle coupling can be increased to the point when a description in terms of a gas of molecular bosons holds, for which a real gap exists in the single-particle spectra. This molecular (two-body) physics is of no interest in the context of the pseudogap, in a similar fashion of molecular binding in vacuum being distinct from Cooper pairing at finite density in the presence of a Fermi surface (cf. footnote 18 of Ref. [7] ). The question then arises about what fermionic feature distinguishes the pseudogap from the molecular phase. We shall find that the back-bending of the dispersion curves obtained from the single-particle spectral function A(k, ω) (with wave vector k and frequency ω) occurs at a wave vector k L which remains close to k F over a wide coupling range even when approaching the molecular limit. We refer to this special wave vector as k L because it is reminiscent of the Luttinger theorem [8] , according to which in a normal Fermi liquid the radius k F of the Fermi sphere is unaffected by the interaction. Figure 1 compares the experimental and theoretical energy distribution curves (EDC) at T c for five different couplings in the window of interest (see Ref. [9] for details). We emphasize that the experimental data bear on an absolute normalization, in that only the integral over wave vector and energy of the EDC curves (and not the separate spectra) has been normalized to unity [9] . For this reason, there is no independent normalization in the , and compared with the contribution from the radial shell with the largest particle number (dashed lines). In the left panels the free-particle dispersion k 2 /(2m) is also reported for comparison (thin full lines).
various panels at different k. This renders quite stringent the comparison with the corresponding theoretical calculations, which in turn contain no adjustable parameters. Good agreement results from this comparison. In particular, the theoretical calculations well reproduce the asymmetry of the experimental curves between positive and negative energies, in addition to the peak positions, widths and heights (note how the latter change by about one order of magnitude from small to large k). Note further the excellent agreement between the theoretical and experimental negative energy tails, and the gradual flattening of the EDC curves for increasing coupling due to the increase of intrapair correlations.
In Fig. 2 the dispersion and full width at half maximum of the peak at lower energies are reported over a dense set of k values for the same couplings of Fig. 1 , and compared with our theoretical calculations. Note that a characteristic back-bending is revealed from these dispersions [10] . This kind of back-bending is typical of a BCS-like dispersion, and is associated with the presence of a pseudogap in a strongly interacting Fermi system [3, 5, [12] [13] [14] . In addition, the large values of the widths (which are at least of the order of E F ) and their asymmetric behavior between k < k F and k > k F are associated with strong deviations from the expected behavior of a normal Fermi liquid (which requires instead the quasi-particle widths to be vanishingly small at k F [15] ), and confirm the fact that single-particle states in this region constitute poor quasi-particles. Large values of the widths are not surprising in the context of the pseudogap physics that results from pairing fluctuations [3] . Large widths were also obtained by the self-consistent tmatrix approach of Ref. [16] , which however masked the occurrence of a pseudogap near k F . It is relevant to discuss how trap averaging affects the above results, because different radial shells in the trap correspond to different locations in the couplingvs-temperature phase diagram of the homogeneous system. A reasonable hypothesis is that the radial shell with the largest particle number (whose radius r max is estimated to be (0.
is the Thomas-Fermi radius) contributes most to the total signal. The dispersions and widths contributed by this shell at r max are represented by dashed lines in Fig. 2 , which show good agreement with the complete calculation. This indicates that both the back-bending of the dispersion relations and the associated large widths are not an artifact of trap averaging.
Despite these deviations from the behavior of a normal Fermi liquid, in the experimental data and theoretical calculations there yet appears a feature which is preserved from the physics of a Fermi liquid. That is the Luttinger wave vector k L where the back-bending occurs, which is plotted at T c vs (k F a F ) −1 in Fig. 3 , for a homogeneous [panel (a)] and trapped [panel (b)] system. Figure 3(a) shows that for a homogeneous system k L drops rapidly to zero when (k F a F ) −1 ≃ 0.75, where the pseudogap in A(k, ω) turns into a real gap and the molecular limit is reached. Accordingly, we identify the boundary between the pseudogap and molecular phases where this drop occurs. Along this evolution into the molecular regime, the disappearance of the underlying Fermi surface about occurs when the molecular size becomes smaller than the interparticle spacing. The existence of a remnant Fermi surface with an enclosed volume consistent with Luttinger theorem was already pointed out by ARPES experiments for the pseudogap phase of high-T c superconductors [18] , but its importance for delimiting the pseudogap region was not appreciated in that context [19] because the interparticle interaction could not be controlled. The inset of Fig. 3(a) shows the temperature dependence of k L calculated for a homogeneous system at unitarity (full line). At high temperatures when the pseudogap closes up, we have identified k L as the value where the dispersion of the peak at lower energy in A(k, ω) crosses the chemical potential [9] . This does not contradict our argument that at low temperatures the presence of a pseudogap requires an underlying Fermi surface, since at high temperatures the underlying Fermi surface of a Fermi liquid is not related to a pseudogap. The plot also shows the temperature dependence of k µ 0 = 2mµ 0 (T ) (dashed line) and k µ = 2mµ(T ) (dashed-dotted line), where µ 0 (T ) and µ(T ) are the chemical potentials of the non-interacting and interacting Fermi systems, in the order, at the temperature T . Note that k L about coincides with k µ 0 , while k µ is not related with k L .
Figure 3(b) shows the coupling dependence of k L at T c for the trapped system, for which the theoretical predictions can be directly compared with the experimental data (the latter are obtained by a BCS-like fit to the dispersions of Fig. 2(a) , as explained in Ref. [9] ). The good comparison that results between theory and experiment confirms our identification of k L as the relevant quantity for identifying the remnant Fermi characteristics of the system in the pseudogap phase.
However, the occurrence of a pseudogap for a unitary Fermi gas above T c has recently been questioned, following a result reported in Ref. [4] where a linear dependence of the equation of state as a function of [k B T /µ(T )] 2 (k B being Boltzmann constant) was fitted by the Fermi-liquid equation of state and then interpreted [20] as evidence that the Fermi-liquid theory with no pseudogap can describe a unitary Fermi gas above T c . To compare with the data of Ref. [4] and resolve this controversy, we have used the theoretical approach of Ref. [3] , which contains a robust pseudogap associated with a non-Fermi-liquid behavior consistent with the data obtained by momentum resolved rf spectroscopy, also to calculate the thermodynamic properties of a homogeneous system above T c . at fixed density: Experimental data from Ref. [23] (circles) are compared with QMC data from Refs. [21] (squares) and [22] (triangles), and with the t-matrix (full line). The inset shows the density of states per spin (in units of mkF /(2π) 2 ) for several temperatures in units of Tc according to the t-matrix, and contrasts it with the non-interacting (n.i.) result. (c) Specific heat per particle vs T /TF obtained from the t-matrix (full line), the experimental data of Ref. [23] (circles), and the QMC data of Ref. [21] (squares) -the dotted line is a guide to the eye for the QMC data. The behavior of the non-interacting Fermi gas (broken line) is reported for reference [9] .
2 as in Ref. [4] , and shows that the linear behavior seen in the experimental data and QMC calculations also results from our t-matrix approach, both above and below the temperature at which the pseudogap appears (indicated by the vertical arrow). The inset of Fig. 4(a) shows that this linear behavior can be ascribed to the pronounced temperature dependence of the chemical potential, because a non-linear behavior results when transforming [k B T /µ(T )]
2 to (T /T F ) 2 over the relevant range. The same change of variables can be performed in the experimental [23] and QMC [21, 22] data, to obtain the total energy in the canonical ensemble as a function of (T /T F ) 2 reported in Fig. 4(b) . This shows that in the new variable the linear behavior is lost.
Yet, it remains difficult to appreciate directly from this thermodynamic quantity the presence of a pseudogap in a unitary Fermi gas above T c even by the t-matrix calculation, despite the fact that a pseudogap is clearly present in the single-particle density of states obtained by the tmatrix as shown in the inset of Fig. 4(b) where deviations from the non-interacting behavior (ω + µ(T c ))/E F are evident. Accordingly, by suitable numerical differentiation of the energy data we have obtained in Fig. 4(c) the specific heat vs T /T F . A sharp upturn of this thermodynamic quantity, beginning at a temperature T * well above T c where the pseudogap sets in, results clearly from the t-matrix calculation, and it is also visible from the QMC data at the corresponding value of T c .
The experimental data in Fig. 4 (c) appear too scattered to draw definite conclusions about the presence of the upturn and thus of a pseudogap above T c . It should be mentioned, however, that a similar upturn of the specific heat at a temperature T * above T c was measured in underdoped high-T c cuprates and interpreted as revealing the onset of the pseudogap regime, whereby a "residual superconductivity" remains far above T c [24] .
In conclusion, we have provided clear experimental and theoretical evidence for non-Fermi-liquid behavior in the normal phase of a strongly interacting Fermi gas, which we have qualified in terms of a pseudogap picture. We have further shown that this picture, that appears evident in the single-particle dynamics, is also consistent with the thermodynamic behavior of the system. We acknowledge financial support from the NSF and from the Italian MIUR under contract PRIN-2007 "Ultracold Atoms and Novel Quantum Phases".
Supplemental material:
"Evolution of the Normal State of a Strongly Interacting Fermi Gas from a Pseudogap Phase to a Molecular Bose Gas"
We provide details of the theoretical calculations of the wave-vector resolved rf signal and a description of the experimental procedures. We also add information about the theoretical analysis of the experimental data.
Pairing-fluctuation theory
The theoretical approach of Ref. [1] is based on a diagrammatic t-matrix approximation, whereby the fermionic single-particle self-energy Σ(k, ω) includes pairing fluctuations. We have used that approach here to calculate the single-particle spectral function A(k, ω) for the homogeneous case:
(1) where
For given wave vector k, the frequency structure of the real and imaginary parts of Σ(k, ω) determines the positions and widths of the peaks in A(k, ω), and is thus responsible for the nontrivial shape of the dispersions of these peaks vs k = |k|.
Wave-vector resolved rf spectroscopy
When final-state effects in the rf transition [2, 3] can be neglected (like for the case of 40 K used in the experiment), the rf signal in the normal phase is given by [3] :
(2) Here,ω = ω rf − ω a is the detuning frequency where ω rf is the frequency of the rf photon and ω a the atomic hyperfine frequency, r the position in the trap, ξ(k; r) = k 2 /(2m) − µ + V (r) a local energy with trapping potential V (r) = m ω x x 2 + ω y y 2 + ω z z 2 /2, and f (ǫ) = e ǫ/(kB T ) + 1 −1 the Fermi function. [The prefactor in Eq. (2) is chosen to make the total area of the rf signal equal unity.] Equation (2) is based on a local-density approximation where contributions of adjacent shells in the trap are separately considered.
The rf signal can be analyzed into its individual kcomponents to compare with the experimental technique of Ref. [4] . The resulting wave-vector resolved rf signal is obtained by dropping the k-integration and considering one k-component at a time. More precisely, the selection is made over the magnitude k = |k| whilek = k/k is integrated over the solid angle, yielding:
where the factor k 2 is from the spherical integration and r = |r| is the radial position in the trap. The prefactor here results by expressing wave vectors in units of k F , energies in units of E F , and radial positions in units of the Thomas-Fermi radius
1/3 is the average trap frequency. Finally, to obtain an expression that can be directly compared with the experimental EDC spectra, it is sufficient to express the frequencyω in Eq. (3) in terms of the single-particle energy E s = k 2 /(2m) −ω via the relation ξ(k; r) −ω = E s − µ(r), where µ(r) = µ − mω 2 0 r 2 /2 is the local chemical potential in the harmonic trap. This yields eventually:
(4) The numerical results obtained from Eq.(4) are then convoluted by a Gaussian broadening with a rms of about 0.25E F , corresponding to the experimental resolution.
When the interparticle interaction is switched off, A(k, E s − µ(r); r) is given by δ(E s − k 2 /(2m)). This defines the zero of the single-particle energy in the EDC curves as the energy of an isolated atom at rest. The chemical potential has thus disappeared from the freeparticle branch k 2 /(2m), which remains positive for all k and can be used to reckon the value of the pseudogap.
Experimental procedures
We refer to Ref. [5] for a detailed description of the experimental techniques and procedures. Here, we add a few comments that are specifically relevant to the data presented in the main paper.
These data are taken at T /T c = 1.0 ± 0.1, where T c is determined in the trapped system by the vanishing of the measured condensate fraction. Note, however, that, because the density of the trapped gas is spatially inhomogeneous, the local critical temperature decreases away from the cloud center.
It was already remarked in the main paper that an absolute comparison can be made between the experimental and theoretical EDC curves at given coupling and wave vector, in such a way that only their overall integral over k and E s (and not the individual EDC curves) are normalized to unity. This is possible because the experimental radio frequency data (from which the EDC curves are obtained) were taken for the first time over a wide range ofω, such that their long high-frequency tail could be determined and accurately compared with thẽ ω −3/2 behavior predicted theoretically [2] . The experimental data reported in Fig. 2(a) of the main paper have been analyzed in terms of the BCS-like dispersion:
FIG. 5. χ 2 −fit to the experimental data. The experimental data of Fig. 2(a) of the main paper (circles) are fitted over the interval 0.0 ≤ k/kF ≤ 2.0 by the BCS-like dispersion of Eq.(5) (full lines). The free-particle dispersion k 2 /(2m) is also shown for comparison (thin full lines).
where k L ≈ k F is the special wave vector about which the back-bending occurs andμ accounts for an overall (upward) displacement of the dispersion curves. Note that, contrary to the homogeneous case, in a trapμ is not related to the value of the thermodynamic chemical potential close to T c .
A χ 2 −analysis of the data in the interval 0.0 ≤ k/k F ≤ 2.0 yields the fits shown in Fig. 5 . The five values of k L thus obtained have been reported (together with the corresponding error bars) in Fig. 3(b) of the main paper (there, the additional value for the coupling (k F a F ) −1 = 1.1 has been inferred from the experimental data reported in Ref. [4] ). The same analysis also shows that pairs of (μ,∆) with µ −∆ = constant produce comparable χ 2 tests. From Eq.(5) we note thatμ −∆ = E s (k L ) ≡ E max corresponds to the maximum value of E s (k). For the five couplings here considered we obtain the values E max /E F = (0.40, 0.24, −0.5, −1.1, −1.8), in the order.
Using these values, one can extract a rough estimate of a (trap averaged) pseudogap energy, by relating them with the free-particle dispersion k 2 /(2m) at k L . The k 2 -dispersion can, in fact, be considered as a lower bound to the dispersion of the upper branch in the EDC curves, which results from the two-peak structure of A(k, ω) in the presence of a pseudogap [1] and behaves like k Determination of k L for a homogeneous system A comment is in order about the procedure for identifying the Luttinger wave vector k L for a homogeneous system, as reported in Fig. 3(a) of the main paper.
Quite generally, A(k, ω) given by Eq.
(1) has a pronounced peak when the following condition is satisfied
and provided ImΣ(k, ω) is sufficiently small. In a BCSlike situation we write:
with η = 0
Note that the shift δµ is the part of the self-energy which is responsible for the persistence of a remnant Fermi surface about the (temperature dependent) Fermi wave vector of the underlying non-interacting system. A combination of Eqs. (6) and (7) then yields:
for the lower branch (which has the largest spectral weight for k < ∼ k L ), where ω is measured with respect to the chemical potential. The maximum value ω ≈ −∆ pg is for k = k L where the back-bending occurs. For increasing temperature such that ∆ pg closes up eventually, Eq.(6) yields accordingly k = k L for ω = 0, which corresponds to the familiar condition for a Fermi liquid [6] . Figure 6 shows a typical temperature evolution of the dispersion ω(k) obtained by following the peak at lower energy in A(k, ω), from which the value of k = k L is extracted according to the above criterion. At sufficiently high temperatures when the dispersion ω(k) crosses zero, k L is seen to quickly converge to the value associated with the temperature dependent chemical potential of the non-interacting Fermi system.
Additional theoretical analysis of the experimental data
In the expression (4) the presence of the Fermi function f (ω) may be of considerable help for the analysis of the dispersion of the low-ω peak, in situations when two broad non-Lorentzian structures in A(k, ω) merge together over a limited range of k. This is because multiplication of A(k, ω) by f (ω) in that expression acts effectively as a "filter" for the low-ω structures of A(k, ω), in particular for those values of ω through which the backbending occurs in the dispersion. This is shown explicitly in Fig. 7 , where the dispersion of the low-ω peak of A(k, ω) (corresponding to a homogeneous system with the density of the shell at r max for the trap coupling (k F a F ) −1 = 0.15) is drawn (full line) only for those values of k for which two peaks in A(k, ω) appear clearly distinguishable. This procedure results in two arcs separated by an empty window. A single BCSlike fit (dotted line) to these two disconnected arcs via Eq.(5) provides the value∆(r max )/E F = 0.77, in reasonable agreement with the value determined for the whole trap. Figure 7 shows also the dispersion (dashed line) obtained by multiplying A(k, ω) by f (ω), in such a way that the low-ω peak can be smoothly followed even in the k-window that had to be excluded before. This procedure does not appreciably alter the values obtained by the BCS-like fit.
This conclusion is consistent with the fact that the lack of a spectral depression in A(k, ω) in a limited range of k does not necessarily lead to disappearance of the pseudo- gap in integrated quantities, like the single-particle density of states (DOS) [8] , where a spectral depression survives at much higher temperature than in A(k ≈ k F , ω) [cf. the inset of Fig.4(b) of the main paper, where a calculation of the DOS is explicitly reported].
The presence of the factor f (ω) in Eq.(4) obviously affects more the large-ω than the low-ω peak of the EDC curves. The discrepancies that are evident in the large-ω peak from Fig. 1 of the main paper, when comparing experimental and theoretical EDC curves at T c for the couplings 0.45 and 0.57, can accordingly be attributed to the larger absolute values of T c at which the theoretical spectra are calculated [7] , with respect to the experimental values of T c at which the data are taken.
In Fig. 8 we reproduce the experimental EDC (circles) from Fig. 1 of the main paper for the two couplings 0.45 and 0.57, and compare them with the theoretical calculations (full lines) in which the temperature in the Fermi function has been decreased to 0.7T c while the temperature in A(k, ω) is kept at T c . This procedure is consistent with the fact that in this coupling range the theoretical approach overestimates the absolute value of T c by about 30%, while close to T c the spectral function depends essentially on the relative temperature T /T c . This procedure, albeit empirical, goes in the right direction of reducing the height of the high-ω peak of the EDC curves making it closer to the experimental value, while affecting only slightly the low-ω part of the EDC curves.
The numerical difference between the theoretical and experimental values of T c for a homogeneous Fermi gas at unitarity is also evident from Fig. 4(c) of the main paper, although this difference is immaterial to the sake of the argument that was there raised.
Specific heat of a non-interacting Fermi gas
In Fig. 4(c) of the main paper the behavior of the specific heat of a non-interacting Fermi gas was reported for comparison over the temperature interval 0.2 < ∼ T /T F < ∼ 0.6, which was relevant to the experimental data shown in the same figure.
It is interesting to show the same quantity over a more extended temperature range which reaches T = 0. This is done for 0 ≤ T /T F ≤ 1 in Fig. 9 , where the specific heat per particle of a non-interacting Fermi gas is reported vs T /T F (full line) and compared with its linear approximation (k B π 2 /2) T /T F (dashed line) that holds when T /T F ≪ 1. Note that for T /T F = 0.2 this linear approximation deviates from the full calculation already by about 20%.
An analogous linear behavior is known to result for a Fermi liquid when T /T F ≪ 1, although with a different slope reflecting the renormalization of the mass [9] .
